
1. Introduction
Stratospheric emissions from aircraft or rockets can be an important source of chemical perturbations (Jacobson 
et al., 2013). Stratospheric solar geoengineering, for example, would almost certainly use aircraft for deployment, 
and these aircraft would produce high aspect-ratio plumes with strong concentration gradients. Commercial 
aircraft operating in the stratosphere will produce similar plumes. Global Eulerian models are widely employed 
to simulate the global climatic impact of long-term stratospheric emissions. However, plumes from aircraft and 
rockets can reach thousands of kilometers in length but just several kilometers in cross-sectional radius in the 
stratosphere. Observations have revealed that plumes diffuse slowly in the stratosphere and may maintain the 
small-radius high-aspect-ratio structure from days to weeks (Newman et  al.,  2001). Global Eulerian models 
cannot provide an overall adequate resolution everywhere to resolve plumes in the stratosphere. In a global 
Eulerian model, a given plume is instantly diluted into a large Eulerian grid cell, which results in an artificially 
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Plain Language Summary Computer models used to understand how aircraft damage the 
environment usually split the atmosphere into large boxes with a length scale of ∼100 km, ignoring smaller 
scale variations in pollutants inside the box. Pollution produced by aircraft is released in narrow plumes that 
are much smaller than the box. Some chemical or physical processes could occur much faster inside a high-
concentration exhaust plume than when the same amount of pollution is spread out over the large box, which 
may produce big errors in calculating the impact of aircraft emissions in the stratosphere where plumes mix 
slowly. This also causes problems for predicting the impacts of solar geoengineering in which aircraft emit 
reflective material to cool the planet. One can fix the problem by making the boxes much smaller, which 
requires too much computer time to be practical. We describe a method using smaller boxes just where they 
are most needed at the plume. After the plume has spread a bit, our “plume-in-grid” model then eliminates the 
small boxes and gives the information back to the conventional computer model's big box. This can allow more 
accurate calculations of the impacts of pollution plumes for a given amount of computing time.
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low and uniform plume concentration. Numerical diffusion in the global Eulerian model also introduces extra 
dispersion and reduces plume preservation (Eastham & Jacob, 2017; Zhuang et al., 2018), which underestimates 
plume concentration. The artificially lower plume concentration in the global Eulerian model produces errors 
in simulating nonlinear processes (Cameron et al., 2013; Meijer et al., 1997), introducing bias in the chemical 
reaction efficiency, particle size distribution, etc. For example, Cameron et al. (2013) modeled photochemistry 
based on aircraft emissions in an expanding plume versus at the grid scale in an atmospheric model. They found 
that the plume treatment decreased grid-scale ozone production by 33% at cruise altitude after a 10-hr simulation 
compared with the grid-scale treatment.

Various methods (Burkhardt & Kärcher,  2009; Georgopoulos & Seinfeld,  1986; Paoli,  2020; Paoli 
et al., 2011, 2020) have been developed to better simulate subgrid plumes in the stratosphere. Cariolle et al. (2009) 
used an effective reaction rate (ERR) method to parameterize the plume-scale chemistry into large-scale atmos-
pheric models. McKenna et al. (2002) developed a Chemical Lagrangian Model of the Stratosphere (CLaMS), 
which could resolve small-scale elongated filaments in the stratosphere. Schumann (2012) applied a Lagrangian 
Gaussian plume model to simulate the advection and evolution of contrails formed along aircraft tracks. Pierce 
et al. (2010) adopted a well-mixed expanding Lagrangian-box version of the TwO-Moment Aerosol Sectional 
(TOMAS) microphysics model (Adams & Seinfeld,  2002) to model aerosol formation and growth within an 
aircraft plume in solar geoengineering. Most previous plume models assume either a Gaussian or a uniform 
distribution for the plume cross-section. In this study, we develop a new Lagrangian plume model, which adopts 
a more accurate representation of the plume cross-section (Section 2.3). We embed the Lagrangian plume model 
into a global Eulerian model to establish a multiscale Plume-in-Grid (PiG) model. Instead of instantly diluting the 
subgrid plume into a large Eulerian grid cell, the embedded Lagrangian plume model helps the global Eulerian 
model resolve and simulate small-radius high-aspect-ratio plumes in the stratosphere. When the plume grows 
sufficiently large and can be resolved by the host Eulerian model grid, the PiG model dissolves the plume from 
the Lagrangian plume model into the host Eulerian model.

One primary motivation for PiG model development is to simulate stratospheric aerosol injection (SAI) in solar 
geoengineering. By injecting aerosols into the stratosphere to reduce incoming shortwave radiation, solar geoen-
gineering may mitigate some of the damage caused by global warming. One possible way to inject aerosols 
into the stratosphere is by employing aircraft. However, most studies directly apply the global Eulerian model 
to simulate long-term aircraft emissions for SAI purposes, which cannot adequately resolve aircraft plumes. 
Previous studies (Dai et al., 2018; Golja et al., 2021; Pierce et al., 2010; Tilmes et al., 2018; Vattioni et al., 2019) 
have found that the climatic impacts of SAI are sensitive to the injection strategy (e.g., pulse or point emissions), 
injected sulfur form (e.g., accumulation-mode H2SO4 droplets or gas-phase SO2), injection location (latitude, 
altitude), injection time (summer, winter), etc. However, no studies have evaluated the influence of two differ-
ent model types (Eulerian model vs. Lagrangian model) on simulating SAI's climatic impacts. In this study, 
we compare the plume dispersion of an inert tracer from 1-month SAI aircraft emissions between two types of 
models, namely, the global Eulerian model, which instantly dilutes subgrid plumes into large Eulerian grid cells, 
and the PiG model, which resolves and simulates subgrid plumes with the embedded plume model.

Section 2 describes the Lagrangian plume model parameterization and the new PiG model development. Section 3 
evaluates the parameterization applied to resolve the plume cross-section in the plume model. Section 4 compares 
the PiG model to a standard global Eulerian (GEOS-Chem) model regarding plume evolution in the stratosphere. 
Finally, Section 5 presents the conclusions and discussions.

2. Model Description
The multiscale PiG model incorporates a Lagrangian plume model into a global Eulerian model (Figure 1). This 
study uses GEOS-Chem version 13.0.0 (https://doi.org/10.5281/zenodo.4618180) as the global Eulerian model 
(Section 4.1), but the approach described in this section is general enough to be applied to other global Eulerian 
models. The Lagrangian plume model comprises a Lagrangian trajectory model and an adaptive-grid plume 
model, which can resolve subgrid plumes in the stratosphere. While more fine-grained approaches such as large 
eddy simulation might provide a more accurate representation of an individual plume, our PiG model bridges 
the gap between the scales of the global Eulerian grid and subgrid plumes. Physical processes, such as advection 
and diffusion, are simulated in the Lagrangian plume model based on meteorological data acquired from the 
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host Eulerian model. The injected tracer in the plume model can be released into the host Eulerian model if the 
tracer is transported outside of the plume model grid domain due to diffusion, wind shear, etc. Once the plume 
grows sufficiently large to be resolved by the host Eulerian model grid, the PiG model removes the plume from 
the Lagrangian plume model and incorporates it into the host Eulerian model. Thus, the embedded Lagrangian 
plume model acts as a subgrid model to help the host Eulerian model overcome its inability to resolve subgrid 
plumes in the stratosphere. In this study, we focus on the physical evolution of plumes in the stratosphere without 
considering aerosol and chemical processes, the injected tracer concentrations in the plume (simulated by the 
plume model) are treated as perturbations to the host Eulerian grid concentrations on which the plume is overlaid 
(Karamchandani et al., 2000, 2006).

2.1. Plume Segment Initialization

The emissions from aircraft or rockets make small-radius high-aspect-ratio plumes in the stratosphere. The 
Lagrangian plume model divides the initially injected plume into segments and describes each plume segment 
by the plume segment center location, plume segment length (L), and plume segment cross-section. The initial 
plume segment length is set as 1/Ns (Ns is a defined integer, which is 5 in this study) of the horizontal grid size of 
the host Eulerian model. Because the horizontal grid size of the host Eulerian model is approximately 200 km in 
this study, the initial plume segment length is set to approximately 40 km, which is 1/5 (Ns = 5) of the horizontal 
grid size. Ns is also treated as the splitting number in Section 2.4. For example, when the plume segment length 
grows larger than the horizontal grid size of the host Eulerian model, the plume segment (with a length of L) is 
evenly split into Ns smaller plume segments (with a length of L/Ns). These approaches (here and in Section 2.4) 
ensure that plume segments are always smaller than the grid spacing of the host Eulerian model, reducing the 
possibility that a single plume segment covers heterogeneous background conditions. In the plume segment, the 

Figure 1. Schematic framework of the Plume-in-Grid (PiG) model (a global Eulerian model with an embedded Lagrangian plume model). The interaction of chemical 
data between the plume model and the host Eulerian model will be fully implemented in the PiG model in the future (though not in this study) when aerosol and 
chemical processes are considered. t represents the lifetime of the plume segment. The plume segment is initially injected at t = 0. Ls and Lz denote the horizontal and 
vertical length scales of the plume cross-section, respectively (defined in Section 2.3.1). Axes 𝐴𝐴 ⃖⃗𝑠𝑠 and 𝐴𝐴 ⃖⃗𝑧𝑧 represent the horizontal and vertical directions, respectively. Axes 

𝐴𝐴 ⃖⃗𝑏𝑏 and 𝐴𝐴 ⃖⃗𝑑𝑑 are along the directions of the breadth (B) and depth (D) of the 1-D grid (Section 2.3.2) cell, respectively. θ is the tilting angle of the plume segment cross-
section between the cross-sectional breadth and vertical direction.
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concentration along the flight direction (along the plume segment length) is assumed to be uniform, while the 
cross-sectional concentration distribution is captured by an adaptive grid in the plume model (Section 2.3).

2.2. Plume Segment Movement, Expansion, and Horizontal Stretching

2.2.1. Movement

A Lagrangian trajectory model is created and incorporated into the plume model to track the location of each 
plume segment center based on 𝐴𝐴 𝐴𝐴⃖⃗𝑠𝑠 = ⃖⃗𝑢𝑢 ⋅ 𝐴𝐴𝑑𝑑 , where 𝐴𝐴 𝐴𝐴⃖⃗𝑠𝑠 is the movement distance of the plume segment, dt is the 
plume model time step, and 𝐴𝐴 ⃖⃗𝑢𝑢 is the wind speed interpolated (using inverse distance weighting interpolation) from 
the meteorological data provided by the host Eulerian model. The 4th-order Runge Kutta method is adopted to 
calculate the movement distance. To avoid the Pole singularity problem in the regular latitude-longitude mesh, a 
polar stereographic plane (Dong & Wang, 2012) is applied in the polar region (where the latitude exceeds 72°) to 
calculate the plume segment movement in the plume model.

2.2.2. Expansion

The plume model calculates the plume segment volume (V) change when the background pressure (P) and 
temperature (T) vary during plume segment movement in the stratosphere, according to the ideal gas law. The 
plume segment volume change is reflected by the change of grid cell size in the Lagrangian plume model. The 
pressure and temperature considered in the plume model are provided by the host Eulerian model (Figure 1).

2.2.3. Horizontal Stretching

Since the wind field in the stratosphere is not uniform, the horizontal wind shear can stretch the plume segment 
along its length. According to previous studies (Eastham & Jacob, 2017; Rastigejev et al., 2010), the horizontal 
stretching of the plume segments is calculated based on the Lyapunov exponent (λ) of flow:

𝐿𝐿(𝑡𝑡 + Δ𝑡𝑡) = 𝑒𝑒
𝜆𝜆Δ𝑡𝑡

𝐿𝐿(𝑡𝑡) (1)

where L is the plume segment length and t is the plume segment lifetime (the plume segment is initially injected 
at t  =  0). The Lyapunov exponent is calculated based on 𝐴𝐴 𝐴𝐴 =

Δ𝑢𝑢

Δ𝑥𝑥
 , where 𝐴𝐴 Δ𝑢𝑢 and 𝐴𝐴 Δ𝑥𝑥 are the wind speed and 

distance changes between the current grid cell (including the plume segment) and the downstream grid cell in 
the host Eulerian grid, respectively. To conserve the plume segment volume (V) during the stretching process, 
the plume segment cross-sectional area (A) should decrease/increase corresponding to the plume segment length 
(L) expansion/contraction, that is, 𝐴𝐴 𝐴𝐴(𝑡𝑡 + Δ𝑡𝑡)𝐿𝐿(𝑡𝑡 + Δ𝑡𝑡) = 𝐴𝐴(𝑡𝑡)𝐿𝐿(𝑡𝑡) = 𝑉𝑉  . The Lagrangian plume model changes its 
grid cell size to reflect the change of the plume segment cross-section (A) and length (L). Plume segment length 
can become very large (i.e., commensurate with the horizontal grid size of the host Eulerian model) because of 
horizontal stretching, which results in plume splitting along the plume segment length (Section 2.4).

2.3. Representation of the Plume Segment Cross-Section Over Time

The Lagrangian plume model in this study focuses on simulating plume evolution in the diffusion regime (Fritz 
et al., 2020; Kärcher, 1995) when plume cross-section evolution is mainly influenced by diffusion and vertical 
wind shear in the stratosphere (Dürbeck & Gerz, 1995; Naiman et al., 2010; Schumann et al., 1995). Vertical 
wind shear (S) can alter the cross-sectional concentration distribution through plume segment cross-sectional 
distortion. In the plume model, the vertical wind shear is calculated as S = dus/dz, where us is the horizontal 
wind speed along the plume segment cross-section, and z is the vertical height. Vertical and horizontal diffu-
sion can dilute the plume segment cross-sectional concentration. The vertical diffusion coefficient is calculated 
based on 𝐴𝐴 𝐴𝐴𝑣𝑣 =

𝐶𝐶𝑣𝑣

𝑁𝑁𝐵𝐵𝐵𝐵

𝑤𝑤′2

𝑁𝑁
 , where Cv = 0.2, the vertical turbulence fluctuation (𝐴𝐴 𝐴𝐴′

𝑁𝑁
 ) is set to 0.1 m s −1, and NBV is 

the Brunt-Vaisala frequency (Schumann, 2012; Schumann et al., 1995). The horizontal diffusion coefficient is 
defined as a constant (10 m 2 s −1) (Dürbeck & Gerz, 1995, 1996; Schumann et al., 1995).

Various methods have been adopted to simulate the dilution process along the plume segment cross-section 
(Paoli et al., 2011). Naiman et al. (2010) applied an ellipse with three degrees of freedom (two radii and one 
rotational angle) to represent the plume segment cross-section and assumed a uniform cross-sectional concen-
tration distribution. Kraabøl et al. (2000) employed eight circular or elliptical layers to resolve the concentration 
gradient along the plume cross-section. Focusing on the plume evolution in the stratosphere, we found that the 
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plume segment cross-section undergoes rapid horizontal diffusion at the early stage (the first several hours after 
injection). As soon as the plume segment cross-section has a high aspect ratio (cross-sectional horizontal scale 
to vertical scale), horizontal diffusion has negligible consequences for cross-sectional concentration dilution. 
This is verified in Section  2.3.1 and Supporting Information (Text S1 in Supporting Information  S1). Thus, 
the adaptive grid in the plume model consists of a sequence of two high-resolution grids to resolve the plume 
segment cross-section, namely, a two-dimensional (2-D) representation of the early plume segment cross-sec-
tion (Section 2.3.1) and a computationally efficient one-dimensional (1-D) representation of the mature plume 
segment cross-section (Section 2.3.2) when horizontal diffusion is negligible.

2.3.1. Early Plume Segment Cross-Section: 2-D Representation

As shown in Figures 1a and 1b, a 2-D high-resolution rectangular grid is adopted to simulate the plume segment 
cross-sectional concentration distribution at the early stage. Compared to the standard global Eulerian model 
resolution (a horizontal resolution of approximately 10 4–10 5 m and a vertical resolution of ∼10 3 m), the cross-sec-
tional 2-D grid in the plume model adopts a far-higher resolution (a horizontal resolution of ∼10 2 m and a vertical 
resolution of ∼10 m) to resolve the early cross-sectional concentration distribution of the plume segment.

Diffusion. The cross-sectional dilution caused by vertical and horizontal diffusion is calculated in the 2-D 
high-resolution grid as:

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= 𝐷𝐷ℎ

𝜕𝜕2𝜕𝜕

𝜕𝜕𝜕𝜕2
+𝐷𝐷𝑣𝑣

𝜕𝜕2𝜕𝜕

𝜕𝜕𝜕𝜕2
 (2)

where C is the cross-sectional concentration, t is the time, Dh and Dv are the horizontal and vertical diffusion 
coefficients, respectively, and s and z (as shown in Figures 1a and 1b) are the horizontal and vertical distances, 
respectively, in the plume segment cross-section.

Vertical wind shear. The cross-sectional distortion attributed to the vertical wind shear is calculated as ∂C/∂t = −
u∂C/∂s, where 𝐴𝐴 𝐴𝐴(𝑠𝑠𝑠 𝑠𝑠) = 𝑆𝑆 ⋅ 𝑠𝑠 is a horizontal wind field defined based on the vertical wind shear (S), C(s,z) is the 
cross-sectional concentration distribution, and 𝐴𝐴

(
⃖⃗𝑠𝑠𝑠 ⃖⃗𝑧𝑧

)
 is the Cartesian coordinate system in the cross-sectional 2-D 

grid domain (as shown in Figures 1a and 1b).

In the plume model, the cross-sectional 2-D grid resolution (ds × dz) changes in three situations (ds and dz always 
change proportionally):

1.  When the plume segment volume increases/decreases because of pressure and temperature changes (ideal gas 
law), both the plume segment length (L) and cross-sectional 2-D grid cell area (ds × dz) increase/decrease 
proportionally.

2.  When the plume segment length expands/contracts due to horizontal wind shear, the cross-sectional 2-D 
grid cells decrease/increase to ensure plume segment volume conservation during the horizontal stretching 
process.

3.  When the 2-D grid cell is too small to meet the Courant–Friedrichs–Lewy (CFL) condition for diffusion and 
advection processes, every 3×3 grid cells in the cross-sectional 2-D grid are merged into 1 grid cell. The CFL 
condition for diffusion is 𝐴𝐴

Δ𝑡𝑡

Δ𝑥𝑥2
<

1

2𝐷𝐷𝑥𝑥

 , 𝐴𝐴 Δ𝑡𝑡 (unit: s) is the time step, and 𝐴𝐴 Δ𝑥𝑥 (unit: m) and Dk (unit: m 2 s −1) are 
the grid cell spacing and diffusion coefficient along the direction of 𝐴𝐴 ⃖⃗𝑥𝑥 , respectively. The CFL condition for 
advection is 𝐴𝐴

𝑢𝑢Δ𝑡𝑡

Δ𝑥𝑥
< 1 , where 𝐴𝐴 Δ𝑡𝑡 is the time step, and 𝐴𝐴 Δ𝑥𝑥 and u are the grid cell spacing and wind speed along 

the direction of 𝐴𝐴 ⃖⃗𝑥𝑥 , respectively. In our case, 𝐴𝐴 ⃖⃗𝑥𝑥 refers to 𝐴𝐴 ⃖⃗𝑠𝑠 or 𝐴𝐴 ⃖⃗𝑧𝑧 in the plume segment cross-section (Figures 1a 
and 1b).

As the plume segment develops, the influence of horizontal diffusion on the cross-sectional dilution continuously 
decreases and eventually becomes negligible compared to the influence of vertical diffusion. This can be verified 
through scale analysis. The scales of the vertical and horizontal diffusion terms in Equation 2 are 𝐴𝐴 |𝐷𝐷𝑣𝑣|

|𝐶𝐶|

|𝐿𝐿𝑧𝑧|
2
 and 

𝐴𝐴 |𝐷𝐷ℎ|
|𝐶𝐶|

|𝐿𝐿𝑠𝑠|
2
 , respectively. Lz and Ls (in Figure 1b) denote the vertical and horizontal length scales, respectively, of 

the cross-section, which contains approximately 95% of the injected tracer mass:

∫
+𝐿𝐿𝑧𝑧∕2

−𝐿𝐿𝑧𝑧∕2
∫

+∞

−∞

𝐶𝐶2𝐷𝐷(𝑠𝑠𝑠 𝑧𝑧) 𝑑𝑑𝑠𝑠 𝑑𝑑𝑧𝑧 ≈ 0.95∫
+∞

−∞
∫

+∞

−∞

𝐶𝐶2𝐷𝐷(𝑠𝑠𝑠 𝑧𝑧) 𝑑𝑑𝑠𝑠 𝑑𝑑𝑧𝑧 (3)
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∫
+𝐿𝐿𝑠𝑠∕2

−𝐿𝐿𝑠𝑠∕2
∫

+∞

−∞

𝐶𝐶2𝐷𝐷(𝑠𝑠𝑠 𝑠𝑠) 𝑑𝑑𝑠𝑠 𝑑𝑑𝑠𝑠 ≈ 0.95∫
+∞

−∞
∫

+∞

−∞

𝐶𝐶2𝐷𝐷(𝑠𝑠𝑠 𝑠𝑠) 𝑑𝑑𝑠𝑠 𝑑𝑑𝑠𝑠 (4)

where C2D(s,z) is the cross-sectional concentration distribution based on the Cartesian coordinate system 𝐴𝐴
(
⃖⃗𝑠𝑠𝑠 ⃖⃗𝑧𝑧

)
 

built in the 2-D grid (Figure 1b). The vertical wind shear can elongate the horizontal cross-sectional length scale 
Ls through cross-sectional distortion (Dürbeck & Gerz, 1996; Konopka, 1995), which in turn decreases 𝐴𝐴 |𝐷𝐷ℎ|

|𝐶𝐶|

|𝐿𝐿𝑠𝑠|
2
 . 

Thus, the vertical diffusion term can greatly exceed the horizontal diffusion term. Once the vertical diffusion 

term is 10 times as large as the horizontal diffusion term 𝐴𝐴

(
𝐷𝐷𝑣𝑣

|Δ𝐶𝐶|

|𝐿𝐿𝑧𝑧 |
2

𝐷𝐷ℎ
|Δ𝐶𝐶|

|𝐿𝐿𝑠𝑠 |
2

≥ 10

)

 , which requires the cross-sectional 

scale ratio to adhere to 𝐴𝐴 𝐴𝐴𝐴𝐴 =
|𝐿𝐿𝐴𝐴|

|𝐿𝐿𝑧𝑧|
≥ √

10

𝐷𝐷ℎ

𝐷𝐷𝑣𝑣

 , the horizontal diffusion is considered negligible. As verified by the 

CONTROL (with horizontal diffusion) and SENSITIVITY (without horizontal diffusion once 𝐴𝐴 𝐴𝐴𝐴𝐴 ≥ √
10

𝐷𝐷ℎ

𝐷𝐷𝑣𝑣

 ) 
simulations in the Supporting Information (Text S1 in Supporting Information  S1), the final cross-sectional 
concentration distribution is similar between the CONTROL and SENSITIVITY simulations (Figure S1 in 
Supporting Information S1), and the center concentration percentage difference between the two simulations is 
less than 1%.

In the stratosphere, the typical values for Dh and Dv are 10 and 0.15 m 2 s −1, respectively (Dürbeck & Gerz, 1995; 
Schumann et al., 1995). Therefore, once the plume cross-sectional scale ratio (Rs) is higher than 25 𝐴𝐴

(√
10

𝐷𝐷ℎ

𝐷𝐷𝑣𝑣

≈ 25

)

 
in the stratosphere, the early plume segment cross-section transitions into the mature plume segment cross-sec-
tion. Horizontal diffusion becomes negligible along the mature plume segment cross-section, and only vertical 
diffusion and vertical wind shear play an essential part in the mature plume segment cross-section. A more 
straightforward but computationally efficient 1-D slab grid replaces the 2-D grid to resolve the mature plume 
segment cross-sectional concentration distribution, which can be considered as dimension reduction (Figures 1b 
and 1c).

2.3.2. Mature Plume Segment Cross-Section: 1-D Slab Presentation

After dimension reduction (from the 2-D to 1-D grid), the cross-sectional 1-D grid (Figure 1c) comprises long 
and thin slabs with three degrees of freedom, that is, the breadth (B), depth (D), and tilting angle (θ). θ is the 
angle between the cross-sectional breadth and vertical direction, as shown in Figure 1c. The initial tilting angle 
(θ) of the 1-D slab grid is calculated based on the length scale (Rs) of the cross-sectional 2-D grid: θ = arctan(Rs). 
Since Rs is approximately 25 when we replace the cross-sectional 2-D grid with the cross-sectional 1-D grid, the 
initial tilting angle is approximately 87.7°. The initial depth (D) of the 1-D slab grid is defined similarly to the 
vertical resolution (dz) of the cross-sectional 2-D grid (D = dz). The initial breadth (B) of the 1-D slab grid adopts 
the value of the horizontal length scale (Ls) of the cross-sectional 2-D grid (B = Ls). The total number of 1-D 
grid cells (Nd) is the same as the number of grid cells along the vertical direction of the cross-sectional 2-D grid.

The initial concentration distribution in the cross-sectional 1-D grid is calculated based on the concentration 
distribution in the cross-sectional 2-D grid. First, we use an interpolation method (bilinear and conservative inter-
polation methods are available in the source code) to map the 2-D concentration distribution C2D(s,z) in the 𝐴𝐴

(
⃖⃗𝑠𝑠𝑠 ⃖⃗𝑧𝑧

)
 

coordinate system onto the concentration distribution CP2d(b,d) in the 𝐴𝐴

(
⃖⃗𝑏𝑏𝑏 ⃖⃗𝑑𝑑

)

 coordinate system (Figure 1b). Then 
the concentration distribution CP2d(b,d) is integrated along the 𝐴𝐴 ⃖⃗𝑏𝑏 axis of the whole cross-section and divided by 
the initial breadth (B) to obtain the initial 1-D concentration distribution in each 1-D grid cell CP1d(d), as shown 
in Figures 1b and 1c:

𝐶𝐶𝑃𝑃1𝑑𝑑(𝑑𝑑) =
1

𝐵𝐵 ∫ 𝐶𝐶𝑃𝑃2𝑑𝑑(𝑏𝑏𝑏 𝑑𝑑) 𝑑𝑑𝑏𝑏 (5)

Because the 2-D grid (Figure 1b) cannot exactly overlap with the 1-D grid (Figure 1c), some of the injected tracer 
mass (located outside the 1-D grid domain) leaks during the interpolation from the 2-D grid to the 1-D grid (the 
1-D grid is generally smaller than the 2-D grid). This leakage of the tracer mass, which is less than 1% of the 
total tracer mass in the initial 2-D grid, is added to the host Eulerian model to ensure that the total mass of the 
injected tracer is conserved. After the initial condition (B, D, θ, CP1d) of the cross-section 1-D grid is attained in 
the plume model, the 1-D slab grid calculates the cross-sectional dilution under the influence of vertical diffusion 
and vertical wind shear, thereby ignoring horizontal diffusion.
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Vertical Diffusion. The cross-sectional concentration (C) dilution due to vertical diffusion is calculated as:

𝜕𝜕𝜕𝜕

𝜕𝜕𝜕𝜕
= 𝐷𝐷𝑑𝑑

𝜕𝜕2𝜕𝜕

𝜕𝜕𝑑𝑑2

 (6)

where Dd = Dv sin(θ) is the diffusion coefficient component along the direction of 𝐴𝐴 ⃖⃗𝑑𝑑 , and 𝐴𝐴 ⃖⃗𝑑𝑑 is the axis in the 𝐴𝐴

(
⃖⃗𝑏𝑏𝑏 ⃖⃗𝑑𝑑

)

 
coordinate system, as shown in Figure 1c. Moreover, Dv is the vertical diffusion coefficient.

Vertical wind shear. According to Equations 5–7 of Naiman et al. (2010), the vertical wind shear (S) can rotate 
and elongate the 1-D slab grid. Thus, the vertical wind shear influences the breadth (B), depth (D), and tilting 
angle (θ) as follows:

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝑆𝑆 𝑆𝑆𝑆𝑆𝑆𝑆

2

𝑑𝑑 (7)

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= 𝑑𝑑 𝐵𝐵 sin 𝜃𝜃 cos 𝜃𝜃 (8)

𝑑𝑑𝑑𝑑

𝑑𝑑𝑑𝑑
= −𝑑𝑑𝐷𝐷 sin 𝜃𝜃 cos 𝜃𝜃 (9)

Similar to the cross-sectional 2-D grid, the 1-D slab grid resolution (B × D) can also change in three situations 
(B and D change proportionally):

1.  When the plume segment volume increases/decreases because of pressure and temperature changes (ideal 
gas law), both the plume segment length (L) and cross-sectional 1-D grid cell area (B × D) would increase/
decrease proportionally.

2.  When the plume segment length is elongated/contracted by horizontal wind shear, the cross-sectional 1-D 
grid cells decrease/increase to ensure volume conservation during the horizontal stretching process.

3.  When the cross-sectional 1-D grid cell is too small to meet the CFL condition of the diffusion process, each 
pair of grid cells is merged into 1 grid cell.

2.4. Filamentation of the Plume

2.4.1. Plume Segment Length Splitting

As described in Section 2.2, horizontal wind shear can stretch the plume segment length, making the plume 
segment length beyond the horizontal grid cell size of the host Eulerian model. To reduce the possibility that 
a long plume segment covers heterogeneous background conditions, the plume model evenly splits the original 
plume segment (with a length of L) into Ns (Ns is the splitting number) smaller segments (each with a length of L/
Ns) once the original plume segment length is commensurate with the horizontal grid cell size of the host Eulerian 
model. After splitting, each new smaller plume segment exhibits the same cross-section as that of the original 
plume segment but only 1/Ns of the original plume segment length, which is similar to the initial plume segment 
length set in Section 2.1.

2.4.2. Plume Segment Cross-Section Splitting

Because of the vertical wind shear, the breadth of the plume segment cross-section can reach several hundred 
kilometers, which would exceed the horizontal size of its host Eulerian grid cell. As shown Figure 1d, the plume 
segment cross-sectional breadth (B) is split into Ns identical smaller parts when B is commensurate with the 
horizontal grid cell size of the host Eulerian model. After splitting, each smaller plume segment part exhibits the 
same plume segment length as that of the original plume segment, but the cross-sectional breadth reaches only 1/
Ns of the original plume segment cross-sectional breadth.

2.5. Plume Segment Dissolution

In the PiG model, the plume segment is dissolved from the embedded plume model into the host Eulerian model 
once the plume segment meets any of the following four criteria: (a) nonlinearity criterion, (b) volume criterion, 
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(c) location criterion, and (d) time criterion. After plume segment dissolution, the tracer concentration in the host 
Eulerian model grid cell is updated as:

𝐶𝐶
′

𝐸𝐸𝐸𝐸
= 𝐶𝐶𝐸𝐸𝐸𝐸 +

𝑉𝑉𝑃𝑃𝑃𝑃

∑𝑁𝑁𝑑𝑑

𝑖𝑖=1
𝐶𝐶𝑃𝑃𝑃𝑃(𝑖𝑖)

𝑉𝑉𝐸𝐸𝐸𝐸

 (10)

where CEu and 𝐴𝐴 𝐴𝐴 ′

𝐸𝐸𝐸𝐸
 are the tracer concentrations in the host Eulerian model grid cell before and after plume 

segment dissolution, respectively. VEu is the volume of the host Eulerian model grid cell, Nd is the number of 
plume model grid cells representing the plume segment, CPl(i) is the tracer concentration in plume grid cell i 
(i = 1, 2, …, Nd), and all plume model grid cells have the same volume VPl.

2.5.1. Nonlinearity Criterion

Many previous studies have applied a size criterion (the plume segment size commensurate with the host Eulerian 
model grid size) to dissolve the plume segment from the plume model into the host Eulerian model (Karamchan-
dani et al., 2002, 2006). However, there remains a high concentration gradient within the plume segment when the 
plume segment size reaches the host Eulerian model grid size. The size criterion for plume dissolution ignores the 
high concentration gradient within the plume segment, which may introduce bias in the plume nonlinear process 
simulation. In this study, we adopt a nonlinearity criterion (the product of a nonlinear process before plume disso-
lution becomes commensurate with the product after plume dissolution) to dissolve the plume segment from the 
plume model to the host Eulerian model, which enables better estimations of nonlinear processes.

As our primary motivation for PiG model development, SAI modeling requires accurate estimation of aerosol 
processes since these aerosol processes, such as coagulation, can highly influence the particle size distribution 
of the injected aerosols (e.g., sulfate aerosols). Since many chemical and aerosol processes (e.g., aerosol coagu-
lation) are second-order processes, we apply a hypothetical second-order chemical process to the injected tracer 
in this study for the nonlinearity criterion. In the future, the hypothetical second-order process will be replaced 
by real indicators (e.g., ozone production in the stratosphere) once aerosol and chemical processes are considered 
in the plume model. To simulate the second-order process in the PiG model, we need to consider the interaction 
of the nonlinear (here, second-order) process between the background (host Eulerian model) and plume segment 
(embedded plume model) (Karamchandani et al., 2000; Korsakissok & Mallet, 2010). Based on Equations 2 and 
3 in Korsakissok and Mallet (2010), the total product concentration (P, from both the plume model and the host 
Eulerian model) of the hypothetical second-order process, from where the plume segment is overlaid, is updated 
as follows:

𝑑𝑑[𝑃𝑃 ]

𝑑𝑑𝑑𝑑
= 𝑘𝑘([𝐶𝐶𝑃𝑃𝑃𝑃] + [𝐶𝐶𝐸𝐸𝐸𝐸])

2

= 𝑘𝑘
(
[𝐶𝐶𝑃𝑃𝑃𝑃]

2

+ 2 [𝐶𝐶𝑃𝑃𝑃𝑃] [𝐶𝐶𝐸𝐸𝐸𝐸] + [𝐶𝐶𝐸𝐸𝐸𝐸]
2

)
 (11)

where [CPl] is the injected tracer concentration (unit: molecules cm −3) in the plume segment, [CEu] is the injected 
tracer concentration in the background, and k (unit: cm 3 molecules −1 s −1) is a proportionality constant of the 
second-order process. d[P]/dt is the total production rate in the space where the plume segment (plume model) 
overlaps with the background (host Eulerian model), so d[P]/dt is dependent on the injected tracer concentration 
from both the plume segment and background ([CPl] + [CEu]).

The product concentration in the background (PEu) is updated as:

𝑑𝑑 [𝑃𝑃𝐸𝐸𝐸𝐸]

𝑑𝑑𝑑𝑑
= 𝑘𝑘[𝐶𝐶𝐸𝐸𝐸𝐸]

2 (12)

The product concentration in the plume segment (PPl) is updated as:

𝑑𝑑 [𝑃𝑃𝑃𝑃𝑃𝑃]

𝑑𝑑𝑑𝑑
=

𝑑𝑑[𝑃𝑃 ]

𝑑𝑑𝑑𝑑
−

𝑑𝑑 [𝑃𝑃𝐸𝐸𝐸𝐸]

𝑑𝑑𝑑𝑑
= 𝑘𝑘

(
[𝐶𝐶𝑃𝑃𝑃𝑃]

2 + 2 [𝐶𝐶𝑃𝑃𝑃𝑃] [𝐶𝐶𝐸𝐸𝐸𝐸]
)

 (13)

Regarding the nonlinearity criterion, we calculate the mass of the new product from the hypothetical second-or-
der process before 𝐴𝐴

(

𝑃𝑃before = 𝑘𝑘
∑𝑁𝑁𝑏𝑏

𝑖𝑖=1

(

𝐶𝐶2

𝑝𝑝𝑝𝑝
(𝑖𝑖) + 𝐶𝐶𝑃𝑃𝑝𝑝(𝑖𝑖)𝐶𝐶𝐸𝐸𝐸𝐸

)

Δ𝑡𝑡𝑡𝑡𝑃𝑃 𝑝𝑝

)

 and after 𝐴𝐴
(
𝑃𝑃after = 𝑘𝑘

(
𝐶𝐶 ′ 2

𝐸𝐸𝐸𝐸
− 𝐶𝐶2

𝐸𝐸𝐸𝐸

)
Δ𝑡𝑡𝑡𝑡𝐸𝐸𝐸𝐸

)
 plume 

segment dissolution in a given time step (𝐴𝐴 Δ𝑡𝑡 ), according to Equations 10–13. If the percentage difference of the 
new product mass 𝐴𝐴

(

|
𝑃𝑃after−𝑃𝑃before

𝑃𝑃before

|

)

 is smaller than a defined critical percentage (e.g., 10% is used in Section 4), 
the plume segment meets the nonlinearity criterion and begins to dissolve from the plume model into the host 
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Eulerian model. Text S2 in the Supporting Information S1 presents the sensitivity of the PiG model results to 
different critical percentage levels (5% vs. 10%) in the nonlinearity criterion.

2.5.2. Volume Criterion

For all the plume segments in the same host Eulerian grid cell, the volume criterion ensures that the total volume 
of all plume segments (plume model grid cells) never exceeds a defined critical percentage (e.g., 30% is used 
in Section 4) of their host Eulerian grid cell volume. Once the total volume of all plume segments exceeds the 
defined critical percentage of the host Eulerian grid cell volume, the PiG model dissolves the plume segments 
into the host Eulerian model, starting from the largest plume segment. This dissolution process is continued until 
the total volume of plume segments is smaller than the critical percentage of the host Eulerian grid cell volume. 
Text S2 in the Supporting Information S1 presents the sensitivity of the PiG model results to different critical 
percentage levels (30% vs. 50%) in the volume criterion.

2.5.3. Location Criterion

The Lagrangian plume model created in this study focuses on simulating plumes in the stratosphere. When the 
plume segment enters the tropopause, plume evolution becomes different because of different environments in 
the troposphere (e.g., convective eddies), which is no longer suitable to be simulated by our plume model. Thus, 
the PiG model in this study dissolves the plume segment from the plume model into the host Eulerian model upon 
the plume segment reaches the tropopause.

2.5.4. Time Criterion

A maximum lifetime (e.g., 28 days is used in Section 4) is defined for the plume segment to remain in the plume 
model. Once the plume segment remains in the plume model longer than the maximum lifetime, the PiG model 
dissolves the plume segment from the plume model into the host Eulerian model.

3. Evaluation of Plume Cross-Sectional Parameterization
3.1. Cross-Sectional 2-D Grid Evaluation

An analytical Gaussian solution for anisotropic diffusion of an inert tracer in linear shear flow (Dürbeck & 
Gerz, 1996; Konopka, 1995; Walcek, 2004) is adopted to validate the 2-D grid representation of the early plume 
cross-section (Section 2.3.1) in the plume model. We apply both the cross-sectional 2-D grid in the plume model 
and analytical solutions to simulate plume cross-sectional evolution downwind of a hypothetical point source of 
inert tracer emission in the stratosphere. The initial inert tracer injected from the point source is set to 1 kg. In the 
stratosphere, typical parameter values include a vertical wind shear of 0.002 s −1, a horizontal diffusion coefficient 
of 10 m 2 s −1, and a vertical diffusion coefficient of 0.15 m 2 s −1 (Dürbeck & Gerz, 1995; Schumann et al., 1995). 
The cross-sectional concentration distribution of analytical solutions 1,000 s after injection is set as the initial 
condition of the cross-sectional 2-D grid simulation.

Figure 2 shows the cross-sectional concentration distribution after 48-hr simulations with the 2-D grid model 
and the corresponding analytical solutions. The cross-sectional concentration distributions simulated with the 
2-D grid model are similar to the results obtained with analytical solutions, and their spatial correlation coef-
ficient reaches 1.00. Slight differences (Figure 2c) between the two simulated concentration distributions are 
acceptable considering the discretization of the 2-D grid model. Figure 3 shows the concentration percentage 
difference between the 2-D grid model simulation and corresponding analytical solutions at the center of the 
plume cross-section (the black dot in Figure 1c). The percentage difference in center concentration between the 
two simulations is less than 1%.

3.2. Cross-Sectional 1-D Grid Evaluation

After cross-sectional 2-D grid model validation, we compare the cross-sectional 1-D grid model results to 
the corresponding 2-D grid model results. Initially, 1 kg inert tracer is injected into the center grid cell of the 
cross-sectional 2-D grid under the typical stratospheric parameter settings defined in Section 3.1. As shown in 
Figure 4, the cross-sectional 2-D grid simulates the cross-sectional concentration dilution under the diffusion and 
wind shear influence at the beginning. When the plume cross-sectional aspect ratio (Rs) is large enough (Rs > 25, 
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as described in Section 2.3.1), the concentration distribution in the cross-sectional 2-D grid is remapped onto the 
cross-sectional 1-D grid (Section 2.3.2). The 1-D grid replaces the 2-D grid to simulate the plume cross-sectional 
concentration distribution for 48 hr. The final 1-D grid model results are compared to the corresponding 2-D grid 
model results.

Figure 5 shows the final concentration distribution simulated with the 1-D grid model (blue solid line) and corre-
sponding 2-D grid model (red dashed line). We find that the injected inert tracer dilutes faster in the cross-sec-
tional 1-D grid, consistent with previous studies (e.g., Figure 7 in Naiman et al., 2010). The final center concen-
tration in the cross-sectional 1-D grid model results is 9.4% lower than that in the cross-sectional 2-D grid model 
results (two black square points in Figure 5). Figure 6 shows that the percentage difference of the center concen-

tration between the two models is smaller than 10%. The entropy (calculated 
based on Equation 14 in Section 4.2.2) of the concentration distribution is 
calculated to quantify how much extra tracer diffusion is caused by chang-
ing the 2-D grid to the 1-D grid. We found that the percentage difference 
of the final entropy between the 1-D and 2-D grid results is approximately 
20%. However, for the same 48-hr simulation, the central processing unit 
(CPU)  time required for the 1-D grid model is 20  s, while it is 30  min 
(1,800 s) for the 2-D grid model.

4. Global Modeling
4.1. Experiment Setting

We consider an inert tracer injection scenario using parameters that are rele-
vant for the simulation of solar geoengineering to compare the PiG model 
with a conventional global Eulerian model (i.e., GEOS-Chem model in this 
study). This scenario assumes that an aircraft flies back and forth contin-
uously at 240 m/s between 30°S and 30°N along a selected longitude line 

Figure 2. Plume cross-sectional concentration distribution from (a) the 48-hr simulation by the 2-D grid model, (b) corresponding analytical solutions, and (c) 
concentration difference between (a) and (b).

Figure 3. Concentration percentage difference between the 2-D grid model 
results and analytical solutions at the center of the plume cross-section 
(marked with a black dot in Figure 2c).
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(here, 141°W) at a height of 50 hPa (approximately 20 km). An inert tracer is continuously injected by the aircraft 
at 30 kg/km along the flight track, a value chosen to be consistent with the fast dilution case in Pierce et al. (2010).

GEOS-Chem (Bey et al., 2001), a global three-dimensional (3-D) chemical transport model, is adopted as the 
host Eulerian model for the PiG model. The Lagrangian plume model created in this study is embedded into 
the GEOS-Chem model to build the PiG model. The horizontal resolution is 2° × 2.5° in the host GEOS-Chem 
model, which contains 72 vertical levels. Modern-Era Retrospective Analysis for Research and Applications-2 
(MERRA2) data (Gelaro et al., 2017), with a horizontal resolution of 0.5° × 0.625°, provide the input meteoro-
logical data for the host GEOS-Chem model. The transport time step is 300 s in the GEOS-Chem model. Aerosol 
and chemical processes are turned off in the GEOS-Chem model as we only use inert tracer in this study.

The injected aircraft plume is divided into segments, and each plume segment is initially defined with a length 
of 40 km, which is approximately 1/5 of the horizontal grid size of the host GEOS-Chem model (2° × 2.5°). 
The initial cross-sectional 2-D grid resolution (Figure 1a) is set to 100 m (ds) and 10 m (dz). The initial domain 
size of the cross-sectional 2-D grid is approximately 20 km horizontally and 0.8 km vertically. As discussed in 
Section 2.3.1, the cross-sectional 1-D grid replaces the 2-D grid to represent the mature plume cross-section when 

the plume cross-sectional scale ratio (Rs = Ls/Lz) is higher than 25. Regarding 
plume filamentation (Section  2.4), the splitting number (Ns) is set to 5 in 
this study. To achieve plume segment dissolution (Section 2.5), the critical 
percentage for the nonlinearity criterion is set to 10%. The critical percentage 
for the volume criterion is set to 30%. The maximum lifetime of the plume 
segment in the Lagrangian plume model is set to 4 weeks. Text S2 in the 
Supporting Information S1 describes the sensitivity of the PiG model results 
to different parameter settings under plume segment dissolution, including 
different settings for the nonlinearity and volume criteria. All the parame-
ters defined here can be modified according to different research needs. For 
example, we can increase the resolution of the plume cross-sectional grid, 
which better resolves the plume cross-section but requires more computing 
resources. There is a trade-off between the model accuracy and computing 
efficiency when we adopt the PiG model to capture the plume-scale (i.e., 
subgrid) chemical and aerosol processes.

Both the PiG model and the standard GEOS-Chem model simulate aircraft 
plume evolution for 1  month (January 2015). The standard GEOS-Chem 
model uses the same settings as the host GEOS-Chem model in the PiG 

Figure 4. Schematic of the model result comparison between the 1-D and 2-D grid models. Rs is the cross-sectional scale 
ratio defined in Section 2.3.1.

Figure 5. Final concentration distribution simulated in the cross-sectional 
1-D (blue line) and 2-D (red dashed line) grid models. The x-axis is along the 
direction 𝐴𝐴 ⃖⃗𝑑𝑑 of the 1-D grid (Figure 1c).
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model. In the standard GEOS-Chem model, the initially injected aircraft 
plume segment is instantly and uniformly dissolved into the Eulerian grid 
cell. In the PiG model, the initially injected aircraft plume segment is first 
simulated in the plume model and then dissolved into the host GEOS-Chem 
model. Figure 7a shows the number of plume segments of different types in 
the PiG model results. The active plume segments denote the plume segments 
simulated by the plume model. The dissolved plume segments indicate the 
plume segments already dissolved into the host GEOS-Chem model. The 
total plume segments encompass the sum of the active and dissolved plume 
segments. The increase in total plume segments is caused by the continuous 
injection and plume splitting (Section 2.4). Figure 7b shows the final plume 
segment lifetime distribution, which is the time that the plume segment 
remains in the plume model before its dissolution into the host GEOS-Chem 
model. The plume segment lifetime ranges from 0.2 to 28.0 days, with an 
average value of 8.5 days.

4.2. Model Results Comparison

No single approach is appropriate for comparing the tracer distribution 
between the PiG and GEOS-Chem models because the differences in grid-

ding are essential to assessing the performance of the PiG model. One approach, presented in Section 4.2.1, 
compares the two model results (PiG vs. GEOS-Chem) in the same Eulerian grid used by the GEOS-Chem 
model. In this method, the active plume segments from the final PiG model results are diluted into the host 
Eulerian grid. This method is appropriate for comparing the effect of the PiG model on the large-scale tracer 
distribution. However, this postprocessing approach can introduce extra plume dispersion and thus underestimate 
the tracer concentration in the PiG model results.

An alternative approach directly examines the tracer distribution over the active plume segments in the plume 
model grid as well as the host Eulerian grid. To implement this method, we must remove the volume of the 
active plume segment from the volume of the host Eulerian grid cell. Text S3 in the Supporting Information S1 
describes this postprocessing approach in detail. The results of this method are presented in Section 4.2.2, where 
we also compute the entropy of the 3-D tracer mixing ratio field from the PiG and GEOS-Chem model results. 
The nonlinear process, which is highly dependent on the tracer concentration, is compared between the PiG and 
GEOS-Chem models in Section 4.2.3.

Figure 6. Final hourly mean concentration percentage difference (black dots) 
between the 1-D and 2-D grid model results (1-D minus 2-D) in the center 
grid cell (shown as the two black square points in Figure 5). The red line is the 
smoothing results after the 2-hr moving average.

Figure 7. Description of the injected plume characteristics in the plume model. (a) The number of plume segments of different types. The active plume is the 
plume segment simulated by the plume model. The dissolved plume is the plume segment already dissolved into the host Eulerian model. The total plume segments 
encompass the sum of the active and dissolved plume segments. (b) The distribution of the plume segment lifetime (the time that the plume segment is simulated by the 
plume model).
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4.2.1. Horizontal and Vertical Concentration Distributions in the Eulerian Model Grid

Horizontal concentration distribution. Figures 8a and 8b show the total column concentration of the injected 
inert tracer simulated with the PiG and GEOS-Chem models at the end of the 1-month simulation. Since the PiG 
model can better preserve the plume segments, there are more high-concentration centers (high local concentra-
tion gradients) among the PiG model results (Figure 8a) than among the GEOS-Chem model results (Figure 8b). 
The standard deviation of the total column concentration from the PiG model is 11.79% larger than that from the 
GEOS-Chem model. For the zonal mean of the final total column concentration distribution, the GEOS-Chem 
model presents a smoother line than the PiG model (Figure 8c).

Vertical concentration distribution. Figures 9a and 9b show the zonal mean tracer concentrations at different 
heights after the 1-month simulation. There are 3.9 × 10 31 molecules of the injected tracer within the initial 
injection area (60–40 hPa, 30°S to 30°N marked with dashed black boxes) in the PiG model, which is approxi-
mately 28% higher than the GEOS-Chem model results (3.0 × 10 31 molecules). Thus, the injected tracer is more 
concentrated in the initial injection area in the PiG model than in the GEOS-Chem model. Figure 9c shows the 
final vertical profile of the global mean tracer concentration. The global mean concentration at the injection 
height from the PiG model results is 29.5% larger than that from the GEOS-Chem model results (the two black 
dots in Figure 9c).

4.2.2. Quantification of Tracer Diffusion

By using the postprocessing approach without plume dissolution (Text S3 in the Supporting Information S1), 
Figure 10a shows that, after a 1-month simulation, approximately 1/3 of the injected tracer remains in the active 
plume segments (plume model grid) in the PiG model, and is therefore at much higher tracer concentrations (2–4 
orders of magnitude larger) than in the GEOS-Chem model. This is reasonable given that the Lagrangian plume 
model in the PiG model can resolve the plume segment and accurately represent the plume segment concentra-
tion. In the GEOS-Chem model, both the instant dilution of initially injected plume segments into the Eulerian 
grid and the numerical diffusion artificially decrease the plume tracer concentration.

Figure 8. Final total column concentration of the injected tracer simulated by (a) the Plume-in-Grid (PiG) model, (b) the global Eulerian model, and (c) their zonal 
mean distributions.

Figure 9. Final zonal mean concentration of the injected tracer from (a) the Plume-in-Grid (PiG) model and (b) the global Eulerian model and (c) corresponding global 
mean concentration at different pressure levels.
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According to previous studies (Lauritzen & Thuburn, 2012; Zhuang et al., 2018), entropy (Sϕ) is adopted here to 
quantify the injected tracer diffusion:

𝑆𝑆𝜙𝜙 = −𝑘𝑘𝐵𝐵

𝑁𝑁∑

𝑖𝑖=1

𝑚𝑚𝑖𝑖 𝜙𝜙𝑖𝑖 log𝜙𝜙𝑖𝑖 (14)

where kB is the Boltzmann constant, N is the total number of grid cells of index i, ϕi is the tracer mixing ratio, 
and mi is the air mass in the grid cell. Because continuous tracer injection (i.e., continuous plume segments 
injection) increases the entropy in both the PiG and GEOS-Chem model results, the entropy difference between 
the two model results (PiG vs. GEOS-Chem) reflects the difference in simulated tracer diffusion (larger entropy 
means more tracer diffusion). As shown in Figure 10b, the final entropy in the PiG model results is approximately 
6% lower than that in the GEOS-Chem model results, which indicates that the PiG model can better preserve 
plumes to decrease tracer diffusion. For comparison, we also calculate the entropy which would be expected if 
the embedded plumes underwent no diffusion. Under this extreme case, the injected tracer would not be diffused, 

and the total entropy is conserved, which is 60% lower than the total entropy 
in the GEOS-Chem model results, compared to the 6% difference between 
the PiG and GEOS-Chem model results.

4.2.3. Nonlinear Processes

Many chemical and aerosol processes (e.g., aerosol coagulation) are nonlin-
ear processes that are highly dependent on concentration. Accurate estima-
tion of nonlinear processes is essential in model simulations, which is espe-
cially true for the simulation of Accumulation-Mode (AM) H2SO4 injection 
for solar geoengineering (Weisenstein et  al.,  2022). Second-order aerosol 
coagulation can greatly impact the particle size distribution of the injected 
AM H2SO4, which further influences the radiation transfer and climatic 
impacts of solar geoengineering in the simulation. Based on the hypothetical 
second-order process defined for the nonlinearity criterion in Section  2.5, 
we apply the same second-order process to the injected tracer in the PiG and 
GEOS-Chem models to compare the model performance in simulating the 
nonlinear process.

Under the same tracer injection scenario (Section 4.1), Figure 11 shows the 
total product mass of the second-order process and total CPU time in the PiG 
model (the horizontal resolution of the host GEOS-Chem model is 2° × 2.5°) 
and the GEOS-Chem model at different horizontal resolutions (4°  ×  5°, 
2° × 2.5°, 1° × 1.25°, and 0.5° × 0.625°). Compared to the GEOS-Chem 

Figure 10. (a) The sorted tracer concentration (in ascending order) versus the cumulative tracer mass fraction at the end of the simulation. (b) The time series of the 
entropy percentage difference between the Plume-in-Grid (PiG) and global Eulerian (GEOS-Chem) model results (PiG minus GEOS-Chem model results).

Figure 11. Sensitivity of chemical production from a hypothetical second-
order process to computational effort for various model configurations. The 
total product of the process with a rate proportional to the square of injected 
tracer concentration is shown for various resolutions of global Eulerian-Chem 
compared to the Plume-in-Grid (PiG) model. The total product mass from 
different model results is normalized to that from the PiG model results.
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model, the PiG model applies the Lagrangian plume model to resolve the subgrid plume segment, which results 
in a higher injected tracer concentration (Figure 10a). The higher injected tracer concentration ([C]) results in a 
larger production rate (d[P]/dt) in the PiG model than in the GEOS-Chem models, according to the hypothetical 
second-order process defined in Section 2.5 (i.e., d[P]/dt = k [C] 2). As a result, the final total product mass in 
the PiG model results (the red cross dot in Figure 11) is much larger than that in the GEOS-Chem model results 
(square dots in Figure 11). Figure 11 also shows that increasing the horizontal resolution of the GESO-Chem 
model can increase the total product mass, which makes the total product mass closer to the PiG model results. 
However, a super-high horizontal resolution is required for the GEOS-Chem model to reach a similar total prod-
uct mass as that in the PiG model results, which is implausible to achieve considering the computing efficiency. 
As we can see, even though the total product mass of the GEOS-Chem model at 0.5° × 0.625° (magenta square 
dot in Figure 11) is still much smaller than that of the PiG model (red cross dot in Figure 11), the CPU time 
required for the GEOS-Chem model simulation at 0.5° × 0.625° (239 CPU hr) is already much longer than that 
required for the PiG model simulation (30 CPU hr). Of course, the CPU time for the PiG model may change under 
different plume injection scenarios, as the computing resources for the PiG model are related to the number of 
plume segments simulated in the Lagrangian plume model. We also found that purely increasing the horizontal 
resolution of the GEOS-Chem model, without changing the vertical resolution, may cause additional vertical 
diffusion. Figure S3 in the Supporting Information S1 presents final vertical profiles of the global mean concen-
tration in the GEOS-Chem model simulation at different horizontal resolutions (4° × 5°, 2° × 2.5°, 1° × 1.25°, 
and 0.5° × 0.625°). Purely increasing the horizontal resolution under a fixed vertical resolution may yield more 
vertical tracer dispersion of the injected tracer in the GEOS-Chem model (Text S4 in the Supporting Informa-
tion S1). Thus, the vertical resolution needs to increase when the horizontal resolution increases to better preserve 
plumes in the stratosphere (Zhuang et al., 2018), which requires more computing resources.

5. Conclusions
A PiG model can be a computationally efficient way to improve the representation of subgrid-scale mixing, 
particularly in the case where mixing is driven by flow stretching that creates filamentary structures. We find 
evidence that the use of the PiG model could be a pathway to improving the numerical representation of nonlin-
ear plume-scale processes in the stratosphere in a global Eulerian model. We compare the PiG model to a global 
Eulerian model (i.e., GEOS-Chem model) based on a 1-month simulation of continuous inert tracer emissions 
by aircraft in the stratosphere. Compared to the GEOS-Chem model, the PiG model has more high-concentration 
centers in the final total column concentration distribution (Figure 8a). The final total mass of injected tracer 
remaining in the injection area (60–40 hPa, 30°S to 30°N) in the PiG model is approximately 28% larger than 
that in the GEOS-Chem model (Figure 9a). Thus, the PiG model results show less plume dispersion than the 
GEOS-Chem model results. At the end of the simulation, approximately 1/3 of the injected tracer remains in the 
active plume segments in the PiG model, and is therefore at much higher tracer concentrations (2–4 orders of 
magnitude larger) than in the GEOS-Chem model. A metric, the entropy, is calculated based on the 3-D mixing 
ratio field of the injected tracer to quantify injected tracer mixing. The entropy from the PiG model results is 
approximately 6% lower than that from the GEOS-Chem model results, suggesting that the injected tracer expe-
riences less mixing in the PiG model. With a hypothetical second-order process applied to the injected tracer, the 
final total product mass of the second-order process from the PiG model is approximately 2 orders of magnitude 
larger than that from the GEOS-Chem model (Figure 11). To reach the same total product mass as the PiG model, 
the GEOS-Chem model needs to greatly increase both the horizontal and vertical resolutions, which requires far 
more computing resources than does the PiG model. For example, the total product mass of the GEOS-Chem 
model at 0.5° × 0.625° (horizontal resolution) is still much smaller (2 orders of magnitude smaller) than that of 
the PiG model (with the host GEOS-Chem model at 2° × 2.5°), but the CPU time required for the GEOS-Chem 
model simulation at 0.5° × 0.625° (239 CPU hr) is over seven times greater than that required for the PiG model 
simulation (30 CPU hr). Therefore, it is beneficial to embed a Lagrangian plume model into the global Eulerian 
model for subgrid plume simulations in the stratosphere. Otherwise, the global Eulerian model may underesti-
mate both the tracer concentration and second-order processes of the subgrid plume.

This paper reports a first step in developing a PiG model that could be efficiently applied to a General Circulation 
Model (GCM) or a chemical transport model such as GEOS-Chem. The next step is to implement chemical and 
aerosol processes in the PiG model. There are opportunities to optimize the plume treatment by (a) adjusting the 
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resolution of the sub-models. A higher resolution of the plume model grid can better resolve the plume segment 
but requires more computing resources. For example, in the Lagrangian plume model, the 2-D grid is replaced by 
the 1-D grid in the mature plume phase based on a tradeoff between the computational efficiency (the 1-D grid 
model runs 90 times faster than the 2-D grid model) and accuracy (the percentage difference of center concen-
tration between the 1-D and 2-D grid is within 10%, as shown in Figure 5); (b) considering plume overlapping. 
For the injected inert tracer in this study, the plume overlapping has a linear influence on the tracer concentration. 
Once the chemical and aerosol processes are involved in the PiG model, the tracer concentration would have a 
nonlinear change due to plume overlapping; (c) involving other regimes into the embedded plume model, such as 
the jet regime and vortex regime (Kärcher, 1995; Paoli & Shariff, 2016).

Our validation was limited to comparisons between the PiG model and GEOS-Chem models. Such validation 
can show that a PiG model reproduces a high-resolution Eulerian model, but in the long run, stratospheric plume 
models will need to be validated against observations. This might be accomplished using aircraft intercepts of 
plumes (Fahey et al., 1995), or balloon-based methods like that proposed for the Stratospheric Controlled Pertur-
bation Experiment (SCoPEx) (Dykema et al., 2014), or hybrids of these methods. We hope that a multiscale PiG 
model, with the ability to resolve subgrid plumes in the stratosphere, will provide a more accurate simulation of 
applications in aircraft/rocket plume simulation, solar geoengineering, convective injections, stratospheric intru-
sions, intercontinental pollution, and small volcanic eruptions.

Data Availability Statement
Data generated and investigated in this work are openly available on Harvard Dataverse (https://doi.org/10.7910/
DVN/KSFJ43). The MERRA2 reanalysis data set is available from https://gmao.gsfc.nasa.gov/reanalysis/
MERRA-2/. GEOS-Chem version 13.0.0 can be accessed from https://doi.org/10.5281/zenodo.4618180.
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